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ABSTRACT
In this paper, we present a subgroup discovery algorithm to
find subgraphs in a graph that are associated with a given
set of vertices. The association between a subgraph pattern
and a set of vertices is defined by its significant enrichment
based on a Bonferroni-corrected hypergeometric probability value. This interestingness measure requires a dedicated
pruning procedure to limit the number of subgraph matches
that must be calculated. The presented mining algorithm to
find associated subgraph patterns in large graphs is therefore
designed to efficiently traverse the search space. We demonstrate the operation of this algorithm by applying it on two
biological graph data sets and show that we can find associated subgraphs for a biologically relevant set of vertices
and that the found subgraphs themselves are biologically
interesting.
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1.

INTRODUCTION

Graph data has become an important resource in various research fields, from social networks in social sciences
to transcription regulatory networks in life sciences. There
is thus great interest in developing data mining techniques
to extract new and useful knowledge from graph data. A
common problem is the discovery of frequent subgraphs in
a graph data set. This problem can be defined as the identification of those graph patterns that occur more frequently
in a given graph data set than a given support threshold.
Many solutions exist to address this specific problem, such
as GASTON and gSPAN [25, 18]. However often the in-
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teresting subgraphs are not simply those that occur most
frequent, but those that are most associated with a specific
set of vertices. For example, in a biological graph, specific
local subgraphs of interest might be those that can be associated with a disease. An example can be found in figure
1. In this example, we can imagine that the circular vertices are regulatory proteins of one type (such as kinases),
the square vertices are regulatory proteins of another type
(such as transcription factors), and the edges are regulatory
interactions from one protein to another. Four of these proteins, namely the blue circular vertices, are known to be involved in disease A, and that this association might be due
to specific regulatory activity (represented by the edges).
The potential association of other proteins with this disease
are not known, except that most are believed to be irrelevant for disease A. The question is then to find the subgraph
motifs that are specific for the disease-associated proteins.
In other words, finding those subgraphs that occur more often with the blue vertices than the white vertices. For this
problem, identification of all frequent graphs is unsuitable as
there is no guarantee that these are in any way associated
with any given set of vertices, i.e. our disease-associated
proteins. For example, a regulatory interaction between a
disease-associated kinase and a transcription factor is frequent in the graph in figure 1, but the same is true for interactions with kinases irrelevant for disease A. However the
specific pattern where the transcription factor self-regulates
only occurs with the disease-associated kinases, which is represented by the subgraph at the bottom of figure 1. Simply
finding the frequent subgraphs is therefore not enough in
this case. Instead, this problem requires a test to check if
these subgraphs are associated with a subset of the vertices.
In addition, it requires a dedicated algorithm to prune the
search space. The identification of associated subgraphs can
then be used to uncover insights into the characteristics of
these selected vertices, for example the regulatory interactions that these proteins are involved in, and they could then
be used as input for a classification approach, for example
to identify other disease-associated proteins. Finding the
patterns associated with a subset of the database has been
termed subgroup discovery. Here we present an approach to
uncover the subgraphs significantly associated with a given
set of vertices. Furthermore we demonstrate its potential by
applying it to two real biological graph data sets. As far as
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Figure 1: Example graph data set with the vertex
shape denotes the label (square or circle) and the
selected vertices are colored in blue. The bottom of
the figure includes the introduced subgraph associated with the blue vertices.
we are aware, this is the first subgroup discovery approach
for subgraph mining in the single graph setting.

2.

RELATED WORK

As mentioned in the introduction, there are several subgraph mining algorithms available for a variety of problems.
A subgraph can be considered as a pattern or motif of vertices and edges that occurs frequently in a single or multiple
graphs. The subgraphs of interest are then typically those
that occur more times than a predefined support value. Several subgraph mining algorithms make use of the Apriori
principle to prune the search space of frequent subgraphs
[7, 12]. Thus if the frequency of a subgraph is found to
be below the support threshold, any other subgraph that
contains this subgraph will never be able to pass the support threshold and thus need not be considered. Two types
of approaches for traversing the search space can be distinguished here; a breadth-first approach where the frequency
of all subgraphs of a given size will be enumerated before
extending them, and a depth-first approach where the subgraphs are extended along a branch until they no longer
exceed the support threshold. The advantage of breadthfirst is that it is more efficient in pruning the candidate tree.
However depth-first has a much higher memory efficiency as
it only keeps the subgraphs within the same lattice in memory. Further one can make a distinction based on the graph
data set structure. Some subgraph miners search frequent
subgraphs across different graphs so that the frequency is
defined as the number of graphs that contain the subgraph,
while subgraph miners that search a single graph will define
the frequency as the number of occurrences of the subgraph
within that graph [8, 17]. Examples for the single-graph setting as is relevant for this paper, include SEuS, SUBDUE
and FSG [2, 5, 13]. In each case, the most intensive step of
the algorithm is to check the frequency of a subgraph within
the larger graph. Indeed subgraph matching is known to be
NP complete [3]. Therefore the number of subgraphs to be

tested must be kept to a minimum to create an efficient algorithm. This includes pruning the search space but also removal of subgraphs that are identical to each other and thus
redundant. A common technique to avoid testing the same
subgraph multiple times is to create a canonical representation of each subgraph [25, 13]. Each subgraph is represented
by a unique string, vector of edges or an adjacency matrix.
The canonical representation is therefore a unique code for
this subgraph irrespective of the ordering of the vertices or
edges in the graph. Redundant subgraphs can then easily be
pruned as they will have the same canonical representation.
The significance of a subgraph in a graph data set can
be defined in many different ways. One common definition
is that subgraphs are significant if they have a higher frequency than expected from random networks, which have
been generated based on a specific network model. Tools to
find such subgraphs will often subsample the graphs to speed
up the algorithm, and examples include Mfinder, Pajek and
FANMOD [9, 1, 24]. While these tools do calculate an enrichment of subgraphs, these are not in any way associated
with a specific set of vertices as we propose. There is therefore still no guarantee that even though these subgraphs are
more common in the network than randomly expected that
they have any relation to a set of selected vertices. As far as
we are aware, the only subgraph miner for subgroup discovery is iSubgraph [19]. However this algorithm attempts to
find subgroups across graphs, not vertices, based on occurring subgraphs. It is therefore only applicable to a setting
with multiple graphs and cannot specifically target any relevant selection of vertices.
There are conceptual similarities between the problems
that can be addressed with the presented associated subgraph mining algorithm and pathway or gene ontology enrichment analysis, which is a prevalent procedure within life
science research. In the latter case this involves a search
for classes or annotations, such as gene ontology terms or
pathway assignments, that are significantly associated with
a set of biological entities, such as genes or proteins, compared to a given background, typically the entire genome of
an organism [11, 14]. As we demonstrate in our case studies,
the significant subgraph mining algorithm is able to find the
associated subgraphs for a set of biological entities within a
biological graph. Thus instead of finding associated annotations, the algorithm finds associated subgraphs which can
include relevant biological annotation labels. The presented
algorithm can therefore be seen as an extension of pathway
or gene ontology enrichment analysis towards the network
context. The underlying statistics used in our algorithm are
therefore similar to some of those that have been used within
pathway analysis [21]. The presented algorithm and accompanying implementation has therefore the potential to be a
valuable addition to the toolbox for life science research.

3.

DEFINITIONS AND NOTATION

We will start by defining the different terms that will be
used in the presented algorithm.
The graph data set subjected to mining is defined as D =
(V, E), where V is the set of vertices and E ⊆ V × V the
edges, with a vertex labeling function ` : V → L where L is
the set of all possible labels that can be assigned to vertices.
For the purposes of our test cases, we will assume that graph
D is directed. Note that the presented algorithm will also
work on an undirected graph by assuming that each edge

ei = (vi , vj ) = (vj , vi ). Also the graph D need not be fully
connected for the operation of the algorithm.
The set of selected vertices is defined as N ⊆ V within
the graph, which contains the vertices for which we wish to
find associated subgraphs.
A subgraph pattern can be defined as P = (VP , EP ),
where VP is the set of vertices of P and EP ⊆ VP × VP
the edges of P , with a labeling function `P : VP → L. We
explicitly define a single vertex vP R ∈ VP as the source vertex of the subgraph pattern P . Note that this source vertex
is set when a single edge candidate subgraph is generated
and it remains the same vertex when extending the graph.
There is no explicit constraint on which vertices may be a
source vertex. Theoretically for a single subgraph structure
there is a candidate subgraph for each vertex as a source
vertex, excluding any symmetrical positions. An instance
of a pattern P is defined as the subgraph G ⊆ D if P and
G are isomorphic with respect to the edges and vertices labels of each. Thus there exists a mapping function µ which
uniquely maps the edges and vertices of G onto P with conservation of the labels, so that ∀v ∈ VP , `P (v) = `(µ(v)).
The corresponding vertex vGR ∈ V , so that µ(vGR ) = vP R ,
is defined as the source vertex of the subgraph instance G.
The collection of all source vertices in D for the pattern P ,
i.e. the collection of all vGR , is denoted by RG .
Each subgraph pattern P and its instances will be described by a canonical string S, so that isomorphic patterns
have the same canonical string. Definition of the canonical
string encoding can be found in section 4.3.

3.1

Support measure

The total frequency, FreqT , of a given subgraph pattern is
defined as equal to |RG |. Thus this corresponds to the total
number of vertices, irrespective if they are part of N or not,
that are a source vertex for a subgraph instance of pattern
P.
The subgroup frequency, FreqS , of a subgraph pattern is
defined as equal to |RG ∩ N |. Thus this corresponds to the
number of selected vertices in N that are a valid source
vertex for the subgraph instance.
Defining the support based on the number of source vertices matching the given subgraph pattern avoids the problem common to single graph subgraph mining where the support does not fit the Apriori criterion due to the occurrence
of symmetrical patterns [23]. A vertex can never become a
source vertex for a subgraph if it is not a source vertex for
any subgraphs that it contains.

3.2

Interestingness measure

If more selected vertices N are source vertices for pattern
P than expected when compared to the non-selected vertices
V \ N , we will define the pattern P as associated with, i.e.
enriched in, the vertices N . This measure must account for
the number of selected vertices N and the number of vertices
in the graph V that could possibly serve as a source vertex
for the subgraph pattern. This is equivalent to the problem
in statistics of random sampling without replacement. This
concept is best represented by blindly selecting marbles out
of jar that contains a fixed amount of red and blue marbles
without putting them back. If we draw a fixed number of
marbles at random, we can model the probability distribution of drawn red and blue marbles with the hypergeometric
distribution. In this case, the jar with marbles are all the

vertices in the graph and the two colors represent being either a selected vertex or not. The drawing of the vertices
is then provided by the source vertices of the subgraph RG .
Thus the probability of observing a FreqS = X is given by:
|N |
X



P (FreqS = X) =

|V |−|N |
F reqT −X

|V |
FreqT


(1)

The probability of observing value of FreqS or higher is
then given by the upper cumulative probability:
min (|N |,|RG |)

P (FreqS ≥ X) =

X

P (FreqS = i)

(2)

i=X

The value P (FreqS ≥ X) thus gives the probability that
we find X or more selected vertices as source vertices under
the assumption of a uniform distribution of source vertices.
This value is commonly known as the P-value for the statistical test of enrichment and this is the measure that we will
use to define significant subgraphs. The lower the P-value
is, the less likely that one would find that number of selected vertices N or more as source vertices RG if the tested
subgraph was independent from these vertices. Therefore if
the P-value of a subgraph is sufficiently low, we can claim
significant enrichment of the source vertices in the selected
vertices and therefore this subgraph patterns can be seen as
associated with these selected vertices. The cut-off for the
significant P-value is defined as a threshold PMAX so that all
subgraph patterns for which P (FreqS ≥ X) ≤ PMAX holds
true are regarded as interesting and returned. The P-value
corresponds to the probability of an associated subgraph
being a false positive value and thus can be configured to
make the test more stringent. Typical values for the P-value
are between 0.1 and 0.01, with respectively a one-in-ten or
a one-in-a-hundred chance of a false positive. However as
there will be a test performed for each subgraph, we need
to correct the P-value for multiple tests. For this reason,
we introduce a Bonferroni correction, a well known multiple
testing correction, by dividing PMAX by the number of subgraphs tested prior to checking the significance of patterns.
This is the most strict multiple testing correction that can
be applied, which will limit the search space and the number
of significant patterns to exclude a large fraction of the false
positives. Other less conservative multiple corrections can
also be used in this context, such as the Benjamini-Hochberg
correction. Our choice for the Bonferroni correction is to
demonstrate that the algorithm is able to find true positive
significantly associated subgraphs across several datasets in
the most stringent of circumstances.

4.

SIGNIFICANT SUBGRAPH ALGORITHM

In this section, we will introduce an algorithm to find significantly associated subgraphs with a set of vertices within
a graph. Three important sections of the algorithm are first
described before providing an overview of the main algorithm structure.

4.1

Candidate generation

Candidate significant subgraphs are generated according
to a depth-first approach. The initial subgraph consists of
a single edge and one or two vertices, each of these edges

and vertices is assigned a label from L. This step is repeated twice, once assigning the vertices with the incoming
edge as the source vertex, and once for the vertex with the
outgoing edge. If FreqS passes the pruning threshold, the
subgraph is extended with a single edge. Several possibilities for edge addition are explored. Firstly, an edge can
be added between any two vertices already present in the
subgraph. This edge can go from a vertex to itself. In such
a case, we speak of a ’self-edge’. Secondly, a single vertex
can be added to the subgraph with an outgoing edge to one
of the vertices already in the subgraph or an incoming edge
from one of the vertices in the subgraph. All possibilities are
explored, including different labels for the additional vertex.
We will refer to the subgraph pattern that was extended
as the ‘parent pattern’ and the new pattern as the ‘child
pattern’. As long as the pruning threshold is exceeded, the
subgraph pattern is extended until it no longer does so or
if it reaches a predefined cutoff on the maximum number
of edges, EMAX . After the search space has been entirely
exhausted for the initial subgraph, a new combination of
vertex and edge labels for a single edge is selected until every possible combination of labels with sufficient frequency
have been attempted (see section 4.2).

4.2

Candidate pruning

Candidate significant subgraphs can not be pruned based
on enrichment P-value as this metric does not satisfy the
Apriori condition. Child patterns can easily achieve a lower
P-value than their parents. However the P-value for each
subgraph is primarily dependent of FreqS and FreqT , all
other variables remain constant for each subgraph. Intuitively it can be realized that a subgraph must exceed a
certain value with FreqS to achieve P (FreqS ≥ X) ≤ PMAX .
For example, a subgraph where FreqS = 0, i.e. where none
of the selected vertices are source vertices, can never be significant. It can be shown that this minimal value of FreqS
always exists and is a value FreqminS > 0 so that:

P (FreqminS ) =

|N |
X
i=FreqminS

|N |
i

|V |−|N |
FreqminS −i

|V |
FreqminS




(3)

P (FreqminS ) ≤ PMAX

(4)

P (FreqminS − 1) > PMAX

(5)

Therefore the candidate subgraph tree can be pruned based
on FreqS > FreqminS . This is a straightforward frequency
count of the number of selected vertices N that are a source
vertex of the subgraph pattern P , which satisfies the Apriori
condition.

4.3

Subgraph canonical representation

Each subgraph is converted into a canonical representation so that isomorphic subgraphs have the same representation [12]. In this representation, each of the vertices that
make up the subgraph is given a unique numeric identifier.
Each edge in the representation is then made of two vertex
identifiers and two vertex labels if the vertices are labeled.
This procedure is based on the canonical representations
used by several other graph mining algorithms, which has
been shown to avoid redundant subgraph matching [25, 13].
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Figure 2: Example subgraph (left) and its canonical representation (right). First each vertex in the
subgraph is assigned an identifier (numbers in grey)
based on several criteria, such as distance to the
source vertex. The source vertex is always assigned
the identifier 1. The edges are then sorted based on
the identifiers.
The canonical representation of the subgraph patterns has
been modified to account for the presence of a source vertex,
which is always explicitly set to an id of 1. Thus for child
subgraphs, the source vertex will never change, which is critical for the support measure. Each vertex is then numbered
based on a sorting criterion, after which each edge is sorted
based on the involved vertex identifiers. Non-source vertices
are sorted based on, in order, proximity to the source vertex,
presence of a self-loop, number of outgoing edges, number
of incoming edges and the vertex label. Edges can then be
sorted based on lower vertex identifiers. An example of the
canonical representation can be found in figure 2.

4.4

Main algorithm

Algorithm 1 Associated Subgraph Miner. An algorithm for identifying all subgraph patterns (stored in the
set P) significantly associated with the selected vertices N
in the graph data set D.
Require: graph D, selected vertices N , all possible labels
L, maximum number of edges EMAX , maximum p-value
threshold PMAX .
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

P = ∅, S = ∅, E = ∅
Calculate FreqminS using equation 3
for each label l1 of L do
E ← E ∪ (1, l1 , 1, l1 )
for each label l2 of L do
E ← E ∪ (1, l1 , 2, l2 )
E ← E ∪ (2, l1 , 1, l2 )
end for
end for
for each single edge pattern P of E do
Subgraph Search(D, P, N, EMAX , PMAX , FreqminS )
end for

In this section we will describe the structure of the main

algorithm supporting the subgroup subgraph mining. The
initialization procedure is detailed as algorithm 1. In the
first step FreqminS is calculated based on the Bonferronicorrected PM AX to satisfy equation 4 and 5. Each potential
initial single edge subgraph is then generated in line 3-9 of
algorithm 1 as detailed in section 4.1 and stored in E. Each
of these single edge subgraphs is then subjected in turn to
algorithm 2. Here line 1-9 evaluates the current pattern and
calculates the P-value for significance. In line 11-17, the
algorithm will recursively explore each possible extension of
the subgraph as long as it exceeds the support threshold and
is not larger than the maximum size. Each new subgraph is
transformed into a canonical representation using the procedure detailed in section 4.3, to prune redundant subgraphs
by comparison to the stored set S. The end result of the
entire algorithm will be the set P containing all significantly
associated subgraph patterns for the given selected vertices
N.
Algorithm 2 Subgraph Search. A recursive procedure to
enumerate the significance of the subgraph P and all its child
subgraph patterns. The canonical representation of every
tested subgraph is stored in the set S and every significant
subgraph is stored in P.
Require: graph D, subgraph pattern P , selected vertices
N , maximum number of edges EMAX , maximum p-value
threshold PMAX and the minimum support FreqminS for
the selected vertices.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

5.

Calculate FreqS for pattern P and vertices N
if FreqS < FreqminS then
return
end if
Calculate FreqT for pattern P in graph D
Calculate P (FreqS ≥ X) using equation 2
if P (FreqS ≥ X) < PMAX then
P←P∪P
end if
if size(P ) < EMAX then
for each child pattern C of P do
S ← Canonical(C)
if S ∈
/ S then
S←S∪S
Subgraph Search(D, S, N, EMAX , PMAX , FreqminS )
end if
end for
end if

EXAMPLE DATA SET

To demonstrate the operation of the algorithm and its
use, we applied it to the example data set described in the
introduction. This data set consists of a graph with 17 vertices, of which 4 are selected for discovering of associated
subgraphs. Each vertex carries one of two possible labels,
represented by a circle or a square, as can be seen in figure 1.
The structure of the graph was designed so that there is exactly one subgraph with one or two edges significantly associated with the selected vertices. The subgraph mining algorithm was run on this example graph with PMAX = 0.05 and
EMAX = 2. The algorithm correctly identified FreqminS = 4,
i.e. that all of the selected vertices at minimum have to be
source vertices for a subgraph for it to pass PMAX following

Bonferroni correction. The only single edge subgraph that
passed this criterion is one where a circular vertex has a direct edge to a square vertex: FreqS = 4, FreqT = 9. This
single edge subgraph is still found in 5 other non-selected
vertices and scores a P-value of 0.053. It therefore did not
pass the significance cut-off PM AX . The extension of this
subgraph with a self-edge on the square vertex also passed
FreqminS = 4. However none of the non-selected vertices
were source vertices for this subgraph pattern and therefore
FreqS = 4, FreqT = 4. This subgraph is then found to be
significant at a P-value of 4.2 × 10−4 .

6.

EXPERIMENTAL APPLICATIONS

We demonstrate the use of this algorithm on two real biological data sets to find unknown subgraph patterns that are
associated with a set of selected vertices. In the first case,
we demonstrate the algorithm on a single connected graph
with a large fraction of selected vertices (around 1 in 7). In
the second case we apply the algorithm to a large disconnected graph with a very small number of selected vertices.
In both cases, these are directed graphs as we wish to demonstrate the ability of the algorithm to uncover relevant graph
topology. Further both cases involve transcription regulation networks, where each vertex represents a gene and each
edge represents a regulatory interaction. Note that these
regulatory interactions are always directed and can include
self-edges.

6.1

Duplicated genes in the yeast transcription regulatory network

The first case is a graph representing the transcription
regulatory network from baker’s yeast as reported by the
YEASTRACT database [22]. This graph contains 6 402
genes as vertices, which share 48 080 edges. The selected
vertices in this case are genes identified as being retained
in duplicate from a recent whole genome duplication [10].
Throughout biological evolution the entire genome (and all
of the genes it contains) is on occasion duplicated, so that
every gene appears in two copies. Typically the species does
not retain both copies but will gradually lose them over the
course of many generations. However some genes are known
to be retained in duplicate even after several millions of
years. There are currently many theories on why such genes
are retained, but here we will investigate if there are specific
subgraph patterns that can be associated with such genes.
The most recent whole genome duplication of yeast occurred
around 100 million years ago and 900 duplicate genes remain
[10]. The selected set of vertices therefore consisted of 900
gene vertices and EM AX was set to 3, which resulted in
FreqminS = 3. The labels of the graph were derived from
the gene ontology assignments available in Uniprot-GO for
yeast [4]. To allow for meaningful patterns, we reduced the
total gene ontology annotation to 15 terms by traversing the
hierarchical tree of these terms [20], and in case multiple annotations were available for one gene, we choose the term at
the lowest level (e.g. nucleotide metabolism is a subset of
nitrogen metabolism). Each vertex that did not have a corresponding gene ontology annotation, was assigned a label
of ‘no annotation’. In a brute force approach without any
pruning, we would need to evaluate the enrichment of more
than 20 million different subgraphs (the number of possible edge configurations times the number of possible label
assignments). However pruning for subgraphs that had at
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Figure 3: Selected subgraphs with the P-value for
enrichment with duplicated genes in the yeast transcription regulatory network.
Duplicated genes
were set as the selected vertices. Labels are provided by the vertex shape and the subgraph source
vertices are marked in blue.

least three selected vertices (duplicated genes) as source vertices reduced the search space to 72 742 subgraphs, of which
5 575 were found to be significantly enriched. Several examples of enriched subgraphs can be found in figure 3. Analysis of the single edge subgraph patterns reveals that 12 were
found to be enriched with duplicated genes as source vertices. In all 12 significant single-edge subgraphs, the source
vertex had a label of ‘no annotation’ and had an outgoing
edge or a self-edge. This signifies that these duplicated genes
are more likely to take on a regulatory role in the network
but are also more likely to have no assigned label, i.e. are
unannotated by any of the selected gene ontology terms.
However in the larger enriched subgraphs (2 or 3 edges),
the source vertex was often assigned a label other than ‘noannotation’. These larger subgraphs illustrate nicely that
simply because a subgraph is not found to be significant, it
does not mean that its child patterns will not either. Further
the labels of these larger subgraphs often display well known
biological relationships, such as the induction of sporulation
under nutritional stress and the relationship between lipid
metabolism and carbon/energy metabolism. In summary,
these results match current biological hypotheses that these
duplicated genes often have an important regulatory role
in the transcription networks, in particular with respect to
general metabolic processes and stress responses [10, 16].

6.2

Orthologous genes in prokaryotic transcription regulation networks

The second case is a data set featuring the combined transcription regulatory network from seven bacterial organisms
with 28 609 vertices and 62 675 edges. While this is a single
graph data set, it contains seven independently connected
graphs. These graphs were obtained by applying the GENIE3 prediction algorithm [6] on the Colombos expression
database [15]. The selected vertices were defined as the 10
homologs of the PhoR transcription factor, i.e. the 10 copies

of this gene that exist in these seven networks. This transcription factor is present in all seven species and is involved
in the regulation of the phosphate homeostasis, which is of
critical importance for both the energy levels of the organism
and the creation of new molecular compounds, such as DNA
and RNA, in living cells. Application of the proposed subgraph mining algorithm in this manner allows us to track
the PhoR vertex across different graphs, representing different species, and characterize the subgraphs that occur
consistently throughout. However, this problem cannot be
addressed with a multiple graph algorithm, despite spanning
several graph datasets. This is because the interestingness,
and in turn the support, of the subgraph pattern needs to be
defined for the selected vertices and not on the graph level,
as some graph data sets have more than one PhoR vertex.
As we wish to find the subgraphs that can be consistently
found with PhoR, we explicitly set FreqminS = 10 so that
all PhoR copies must be source vertices of the subgraph to
be considered. This value is higher than the one generated
through the procedure described in section 4.2, but has no
further impact on the operation of the algorithm. The significance measure, namely the hypergeometric P-value, does
not change as even with FreqS = 10 it is possible to find subgraphs which are not enriched. No labels were included in
this graph data set so that the subgraphs are focused on the
graph structure. At EM AX = 5, a total of 257 subgraph
configurations were checked for enrichment with the PhoR
homologs, of which 169 passed the Bonferroni adjusted Pvalue cut-off. As can be seen in figure 4, only one single
edge subgraph was found to be significant, namely the subgraph with an outgoing edge from the source vertex. However larger significant subgraphs do include incoming edges
into the source vertex, again demonstrating the notion that
a child subgraph can be significantly associated even if the
parent subgraph is not. Further as FreqS is fixed to 10, the
P-value is now entirely dependent on FreqT , so that lower
values will always correspond to a lower P-value. Other
example associated subgraphs include the commonly found
feed-forward/back loop in regulatory networks, and subgraphs that include several outgoing edges from the source
vertex. These results are in line with the current knowledge
on PhoR, namely that it is a transcription factor with many
outgoing edges and that it and its targets are frequently under the control of the same global regulators. However the
presented algorithm is able to reveal the specific subgraph
patterns that are associated with PhoR across many different species, giving an unprecedented level of detail into the
evolutionary conservation of its regulatory graph patterns.

7.

CONCLUSIONS

In this paper, we have presented a novel type of subgraph
mining algorithm for subgroup discovery that can be used
to extract specific subgraph patterns related to a set of selected vertices in a single graph. This approach has been
shown to be useful on two biological data sets for uncovering novel patterns that are biologically relevant. However
the presented algorithm is generic and not limited to a biological setting. It can easily be used, without adaptation,
to discover patterns associated with fraudulent behavior in
financial graphs, or patterns associated with deviant behavior in social networks. In summary, any instance where the
subgraphs of interest are those that can be associated with
a specific set of pre-selected vertices.

FreqS	
  =	
  10,	
  FreqT	
  =	
  2219	
  	
  
P-‐value	
  =	
  7.73E-‐12	
  

FreqS	
  =	
  10,	
  FreqT	
  =	
  2012	
  	
  
P-‐value	
  =	
  2.90E-‐12	
  

FreqS	
  =	
  10,	
  FreqT	
  =	
  1925	
  
P-‐value	
  =	
  1.86E-‐12	
  

FreqS	
  =	
  10,	
  FreqT	
  =	
  1255	
  
P-‐value	
  =	
  2.55E-‐14	
  

FreqS	
  =	
  10,	
  FreqT	
  =	
  1174	
  
P-‐value	
  =	
  1.31E-‐14	
  

edge). However this will be case-dependent as several decisions must be made with regards to dealing with unlabeled
vertices and multi-labeled vertices in a subgraph pattern. A
third possible extension could be the inclusion of edge labels, or explicitly accounting for the number of times that
a given vertex is a source node for a subgraph. The latter
case might be useful in situations where one is not only interested if a vertex is associated with a subgraph, but how
many times this subgraph occurs together with this node as
well.
Finally, dedicated variants algorithm can designed to solve
specific problems. For example, the subgraph search space
could be limited to subgraphs of a given type and this in turn
could lead to different and more efficient pruning conditions.
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Figure 4: Selected subgraphs with the P-value
for enrichment with the 10 PhoR homologs in
the prokaryotic transcription regulation networks.
PhoR homologs were set as the selected vertices.
The subgraph source vertices are marked in blue.

FUTURE WORK

Several refinements and extensions of the presented algorithm are still possible. Firstly, the time to traverse the
search space and evaluate each subgraph can likely be sped
up in a number of ways. For example, a breadth-first approach could be used where first the subgraphs of a given
size are explored and then combined to efficiently prune the
search space for uninteresting subgraphs. However many of
the speed improvements will do so in exchange for memory
usage and this trade-off will likely be case dependent.
Secondly several extension towards more generic frameworks remain possible. A straight-forward extension of the
algorithm would be the introduction of a background set of
vertices, as is common with gene ontology enrichment analysis. In this case, the occurrence of the subgraphs of interest
in the selected nodes with no longer be compared against the
occurrence in all nodes of the graph, but a limited subset.
For example, in the dataset presented in section 6.2, the
background vertex set could be limited to only transcription factors. In this manner the algorithm would identify
those subgraph patterns specific to PhoR with regards to all
other transcription factors and not just all other genes. This
can be accomplished by modifying the definition of F reqT
so that it only counts those subgraph instances with source
vertices from the select background set. However for the Pvalue to remain statistically valid, the background set must
include the original selected vertices. A second extension
can be made towards the integration of multi-labeled vertices, as would be of great interest when dealing with complex annotations such as gene ontology or pathways. This
can be addressed by modifying the labeling function ` so
that it can map to multiple labels for a single vertex (or
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